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Extended f(R) theories of gravity have been investigated from the symmetry point of
view. We briefly has been investigated Noether symmetry of two types of extended f(R)
theories: f(R, T ) theory, in which curvature is coupled non minimally to the trace of
energy momentum tensor Tµν and mimetic f(R) gravity, a theory with a scalar field
degree of freedom, but ghost-free and with internal conformal symmetry. In both cases
we write point -like Lagrangian for flat Friedmann-Lemaitre-Robertson-Walker (FLRW)
cosmological background in the presence of ordinary matter. We have been shown that
some classes of models existed with Noether symmetry in these viable extensions of f(R)
gravity. As a motivated idea, we have been investigating the stability of the solutions and
the bouncing and ΛCDM models using the Noether symmetries. We have been shown
that in mimetic f(R) gravity bouncing and ΛCDM solutions are possible. Also a class
of solutions with future singularities has been investigated.
Keywords: Modified gravity theories; Cosmology; Noether symmetry; dynamical sys-
tems.
1. Introduction
A challenge to the contemporary relativistic cosmology is provided by a set of obser-
vational data, indicated on late time acceleration expansion of the whole Universe
as well as the initial era, the inflationary epoch [1]-[4]. In the framework of the gen-
eral relativity (GR), inflationary model, quasi stable de Sitter cannot be realized
as a possible physically acceptable model without any extra scalar matter field. It
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is needed to include some matter fields, like scalar field(s) to resolve it. Another
approach which is totally revolutionary is to replace Einstein gravity by some ex-
tended forms of classical geometrical objects. A reasonable candidate to explain
this situation is modified gravity, in which we replace Einstein-Hilbert action, given
by
SEH =
∫
M
R
2κ2
√−gd4x+ SEH |∂M (1)
(Here SEH |∂M is the boundary term) by another set of geometrical objects like sec-
ond order invariants RµνRµν , R
µναβRµναβ , .. or functions of Ricci scalar R, Gauss-
Bonnet topological invariant G = RµναβRµναβ − 4RµνRµν +R2 and so on (see [5]-
[14] for reviews). Historically, to be more precise, the simplest potentially reason-
able candidate was f(R) gravity, a theory which it was proposed originally before
recent activities [15]) and later motivated in light of the recent observational data,
as a valid, physically reasonable, ghost-free and stable alternative theory instead of
GR [5]- [14].
Another type of modified gravity is the one in which geometry has been coupled
to the matter fields non- minimally (see [16] for An updated review of such models).
Different types of non-minimally coupled models have been proposed like f(R,Lm)
where Lm stands for matter Lagrangian and f(R, T ) [17],where T is the trace of
the energy momentum tensor of matter fields,which is defined by
Tµν = − 2√−g
δ (
√−gLm)
δgµν
, (2)
Or after a simple checking, it can be rewritten as the followinga:
Tµν = gµνLm − 2 ∂Lm
∂gµν
. (3)
In this theory, T = T µµ . Because of simplicity and beauty form, this theory attracted
several activities in literature [18]-[33]. Symmetry is an important issue to be ad-
dressed in any physical system under study. There are two classes of symmetries:
global symmetries , in which the physical system( dynamical system) respects some
types of transformations, which are defined by functions of coordinates. Another
is local, in which the conservation law gives us a ”local” conserved quantity like
charge.
As we mentioned it before, f(R) gravity is a ghost free, and conformally equiva-
lent to the scalar field theory in Einstein frame. There are several interesting features
in this theory to be useful for late time acceleration, dark energy and dark matter
halo problems. Also, inflation can be realized successfully using this simple and ef-
fective modified theory of gravity. Recently to resolve dark matter problem, a new
type of modified gravities has been proposed as titled mimetic model and modified
aThis common definition of energy-momentum tensor can not be used to fix the form of the
Lagrangian. For example, of perfect fluid there is no way to read Lagrangian from the form of Tµν
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versions of it [34]-[42]. Basic hidden idea behind this new modification of gravity is
to propose a conformally invariant, scalar theory of gravity in which scalar degree
of freedom does not cause any problem with ghosts. The way is to reparametrize
metric as a conformal transformation of an auxiliary metric ,”unphysical” metric.
The point is, the scalar field appeared as conformal function and plays the role of
an internal degree of freedom. This scalar field is not ghost and it is constructed
to have unit norm ∂µφ∂
µφ = −1. This norm is defined on physical metric. It is
remembering for us the role of velocity of a test particle with unit norm in the
comoving frame of particle coordinates. An interesting feature is if we write FLRW
cosmological equations, an extra term proportional to a−3, appeared. It mimics
dark matter. So, it was adequate to name it as “mimetic dark matter” or briefly
mimetic gravity. To unify f(R) gravity with this very interesting mimetic theory,
it has been proposed mimetic f(R) gravity [43] as a new class of modified gravities
with the same inspiration as mimetic theory. Because of its complexity and more
physical solutions, this new mimetic f(R) deserves further physical investigations.
Very recently the dynamical behavior of mimetic f (R) has been investigated [44].
Our aim here is to address Noether symmetry issue of such mimetic models. In
literature Noether symmetry has been investigated for different types of modified
gravity like f(R), f(T ), Galileons and so on [46]-[60]. Our aim in this paper is to
explore Noether symmetry for the mentioned above to modify gravities: mimetic
f(R) and f(R, T ).
The present paper is organized as follows: formal framework for f(R, T ) theory
of gravity is presented in Section 2. The formalism of f (R) mimetic theory is
motivated in Section 3. The Noether symmetry approach is well understood briefly
in Section 4. Noether symmetry is applied to f(R, T ) in Section 5 and for f(R)
mimetic model in Section 6. We summarize in the last section.
We adopted a ”God” given system of units G = c = 1, where the gravitational
coupling constant is given by κ2 = 8π.
2. Formal framework of f (R, T ) gravity
Let us to start by the following simple extension of f(R) gravity in four dimensional
spacetime:
S =
1
16π
∫
f (R, T )
√−g d4x+
∫
Lm
√−g d4x , (4)
In the action, R stands for the Ricci scalar of the Riemannian space-time, T is
trace of the energy, momentum tensor of matter Lagrangian Lm, is defined by the
simple expression T = gµνTµν . Trace is an important quantity in quantum theory
of inflation and quantum gravity. The dynamical quantity is just metric gµν . So,
there is only a single field equation for it. If we calculate the variation of action we
obtain:
δS =
1
16π
∫ [
fR (R, T ) δR+ fT (R, T )
δT
δgµν
δgµν − 1
2
gµνf (R, T ) δg
µν + 16π
1√−g
δ (
√−gLm)
δgµν
]√−gd4x ,(5)
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In this variation, we define : fR (R, T ) = ∂f (R, T ) /∂R and fT (R, T ) =
∂f (R, T )/∂T , respectively. Since R is the only geometrical quantity in our the-
ory, we recall standard variational expressions for it as the following:
δR = δ (gµνRµν) = Rµνδg
µν + gµν
(∇λδΓλµν −∇νδΓλµλ) , (6)
A simple check point is to evaluate it in a local flat coordinate frame, when Γγαβ ≡ 0.
A variation of the connection termination, Γ gives us:
δΓλµν =
1
2
gλα (∇µδgνα +∇νδgαµ −∇αδgµν) , (7)
Consequently, we can write the final simplified form of variation of R as the follow-
ing:
δR = Rµνδg
µν + gµνδg
µν −∇µ∇νδgµν . (8)
By plugging these expressions in the total variation of action, δS, we find:
δS =
1
16π
∫ [
fR (R, T )Rµνδg
µν + fR (R, T ) gµνδg
µν − fR (R, T )∇µ∇νδgµν
+fT (R, T )
δ
(
gαβTαβ
)
δgµν
δgµν − 1
2
gµνf (R, T ) δg
µν + 16π
1√−g
δ (
√−gLm)
δgµν
]
√−gd4x .(9)
To simplify more these functional , we need to redefine an auxiliary tensor field Θµν
as a part of the variation of trace δT as the following:
δ
(
gαβTαβ
)
δgµν
= Tµν +Θµν , (10)
And in a similar form as we define T , we are able to define trace of Θµν as the
following:
Θµν ≡ gαβ δTαβ
δgµν
. (11)
Using these simplifications, we write the following form of the equation of motion
of f(R, T ):
fR (R, T )Rµν − 1
2
f (R, T )gµν + (gµν−∇µ∇ν) fR (R, T ) = 8πTµν − fT (R, T )Tµν − fT (R, T )Θµν .(12)
It is remarkable that, when geometry is decoupled from the matter part, in the
limit f(R, T ) ≡ f(R), we recover equation of motion of f(R) gravity from (12).
Trace of (12) gives us the following equation:
fR (R, T )R+ 3fR (R, T )− 2f (R, T ) = 8πT − fT (R, T )T − fT (R, T )Θ ,(13)
An alternative form of (12) is obtained as the following:
fR (R, T )
(
Rµν − 1
3
Rgµν
)
+
1
6
f (R, T ) gµν = 8π
(
Tµν − 1
3
Tgµν
)
− fT (R, T )
(
Tµν − 1
3
Tgµν
)
−fT (R, T )
(
Θµν − 1
3
Θgµν
)
+∇µ∇νfR (R, T ) . (14)
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Conservation of the energy, momentum tensor in this type of modified gravity is
checked by computing the covariant divergence of Eq. (12). Using the following
geometrical identity we obtain:
∇µ
[
fR (R, T )Rµν − 1
2
f (R, T )gµν + (gµν−∇µ∇ν) fR (R, T )
]
≡ 0 , (15)
So, conservation of energy, momentum tensor, gives us the following vector current
term:
∇µTµν ≡ Jν = fT (R, T )
8π − fT (R, T ) [(Tµν +Θµν)∇
µ ln fT (R, T ) +∇µΘµν ] . (16)
For a simplicity, we consider the flat FLRW metric in the following form:
ds2 = −dt2 + a2(t) δijdxidxj , (17)
Here a(t) stands for the scale factor. If we write down Lagrangian of f(R, T ) for
this metric and if we assumed that the Universe is filled with matter fields with
effective pressure p and energy density ρ, we obtain T = 3p−ρ. Since this equation
is a constraint, and because of R = 6( a¨a + (
a˙
a )
2), we introduce a pair of Lagrange
multipliers as the following {λ, µ}. The point Like Lagrangian after an integration
part by part is written as the following (we set 2κ2 = 1):
L(a,R, T, a˙, R˙, T˙ ) = a3
(
f(R, T )−RfR(R, T )− TfT (R, T )
)
(18)
−6
(
aa˙2fR(R, T ) + a
2a˙R˙fRR(R, T ) + a
2a˙T˙ fRT (R, T )
)
− p(a)a3 + a3fT
(
3p(a)− ρ(a)
)
Where we suppose that Lm = −p(a). If f(R, T ) = f(R), the Lagrangian density is
written:
L(a,R, a˙, R˙) = a3
(
f(R)−RfR(R)
)
− 6
(
aa˙2fR(R) + a
2a˙R˙fRR(R)
)
− p(a)a3.(19)
This is the form of Lagrangian in f(R) theory. We suppose that (19) is an accept-
able assumption for many cosmological applications, like matter dominant era or
radiation. The associated equations of motion are given by a set of second order
ordinary differential equations, Euler-Lagrange (EL) equations, are given by the
following:
d
dt
(
∂L
∂q˙
)− ∂L
∂q
= 0 (20)
for q ≡ {a,R, T } they are obtained as the foloowing:
6R¨fRR = −3f + 3RfR + 3TfT − 6 a˙
2
a2
fR − 12 a˙R˙
a
fRR − 12 a˙T˙
a
fRT + ap
′(a) + 3 p (a)− 9fT p (a)(21)
+3fTρ (a)− 3 afTp′(a) + afTρ′(a) (a)− 6R˙2fRRR − 12R˙T˙ fRRT − 6T˙ 2fRTT − 6fRT T¨ − 12 a¨
a
fR
6fRR
a¨
a
= fRR
(
R− 6( a˙
a
)2
)
+ fRT
(
T − (3p(a)− ρ(a))
)
(22)
(R− 6 a˙
2
a2
− 6 a¨
a
)fRT + fTT (T − 3p(a) + ρ(a)) = 0. (23)
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To pass the case of f(R, T ) = f(R), we obtain:
6R¨fRR = −3f + 3RfR − 6 a˙
2
a2
fR − 12 a˙R˙
a
fRR + ap
′(a) + 3 p (a) (24)
−6R˙2fRRR − 12 a¨
a
fR
R = 6
(
(
a˙
a
)2 +
a¨
a
)
. (25)
Our aim in this paper is to investigate Noether symmetry issue of (19). Briefly,
we are interested to know how Noether symmetry is able to ”fix” mathematical
forms of {f(R, T ), p(a)}.
3. formalism of mimetic f(R) gravity
Although f(R, T ) provides a reasonable and good extension of f(R) theory, it does
not respect conformal symmetry. Also, extra degrees of freedom are possible. So,
instabilities due to ghosts probably are happening. To resolve conformal symmetry
and to be ghost-free, a model recently proposed as titled Mimetic F (R) gravity [43].
It is inspired from the mimetic theory [34,35,36,37,39,40,42], a model in which dark
matter problem is resolved as an integration constant. Also, it is self consistent with
conformal symmetry. The basis of any type of mimetic theory is to parameterize of
the Riemannian metric tensor gµν as the following conformally transformed formula
[34]
gµν = −gˆρσ∂ρφ∂σφgˆµν , (26)
Here we introduced a pair of auxiliary objects: the first is an auxiliary metric
(unphysical and without dynamics) gˆµν and the second is a scalar field degree
of freedom φ which has generally ghost, freedom. It is well known that using an
orthogonality of metric, this scalar field satisfies the following constraint equation
of motion:
g (gˆµν , φ)
µν
∂µφ∂νφ = −1 , (27)
If we know the background metric g (gˆµν , φ)
µν
, this equation fixes the form of the
scalar field. If we interpret ∂µφ as the components of a four velocity uµ, then nor-
malized uµu
µ = −1 implies a possible normalization of the φ. This normalization
can be understood as the first integral of the equation of motion for φ . We em-
phasize here that the auxiliary metric gˆµν is an internal object of the space-time
manifold Following [43], we write the following action for mimetic f(R) gravity in
metric formalism :
S =
∫
d4x
√−g
[
f(R)
2κ2
+ Lm
]
, (28)
Here κ2 = 8π, R is the Ricci scalar which is computed by the physical metric gµν ,
and we also include the matter Lagrangian by Lm . What we need is to parametrize
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the physical metric according to (26) . We rewrite the action of theory in the
following equivalent form:
S =
∫
d4x
√
−g (gˆµν , φ)
[
f (R (gˆµν , φ))
2κ2
+ Lm
]
. (29)
Thus, we perform variation with respect to auxiliary metric gˆµν , we obtain:
1
2
gµνf (R (gˆµν , φ))−R (gˆµν , φ)µν fR (R (gˆµν , φ))
+∇
(
g (gˆµν , φ)µν
)
µ
∇
(
g (gˆµν , φ)µν
)
ν
fR (R (gˆµν , φ))
−g (gˆµν , φ)µν  (gˆµν , φ) fR (R (gˆµν , φ)) + κ2Tµν
+∂µφ∂νφ
[
2f (R (gˆµν , φ))−R (gˆµν , φ) fR (R (gˆµν , φ))
−3
(
g (gˆµν , φ)µν
)
fR (R (gˆµν , φ)) + κ
2T
]
= 0 , (30)
As a convention, here fR means ∂f(R)/∂R, ∇µ and  are different derivative
operators with respect to gµν . Also by using a similar ”dictionary” as we used in
f(R, T ), we define Tµν as the effective matter, energy-momentum tensor for Lm is
given by (3) . Variation with respect to the scalar field φ gives us :
∇
(
g (gˆµν , φ)µν
)µ {
∂µφ
[
2f (R (gˆµν , φ))−R (gˆµν , φ) fR (R (gˆµν , φ))
−3
(
g (gˆµν , φ)µν
)
fR (R (gˆµν , φ)) + κ
2T
]}
= 0 , (31)
Here like f(R, T ), we define trace of the energy-momentum tensor as T =
g (gˆµν , φ)
µν
Tµν . It has been proven that this new theory is conformally invari-
ant and ghost free [43]. So, it is remarkable to consider it as a valid extension of
f(R) gravities.
We consider the same FLRWmetric as (17). In this case, the constraint equation
leads to φ = t where t is cosmic time. It is not so hard task to write FLRW equations
for motion. Actually, because our aim is to investigate Noether symmetry, so what
we need is just point like Lagrangian of the mimetic f(R) scenario. To be more
generally speaking, we slightly modify the original mimetic f(R) by including a
potential term and by introducing a Lagrange multiplier λ as the following:
S =
∫
d4x
√
−g (gˆµν , φ)
[
f (R (gˆµν , φ))
2κ2
− V (φ)− λ(∂µφ∂µφ+ 1) + Lm
]
. (32)
The point like Lagrangian for a fluid with pressure p(a, a˙, φ) and by taking in to
account that Lm ≡ p(a, a˙, φ), is written in the following form:
L(a,R, φ, a˙, R˙, φ˙) = a3f(R)− a3RfR(R)− 6
(
aa˙2fR(R) + a
2a˙R˙fRR(R)
)
(33)
−p(a, a˙, φ)a3 − V (φ)a3 − λ(1 − φ˙2)a3
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Note that in general λ = λ(t). Equations of motion are written in the following
forms:
6fRRR¨ = −6R˙2fRRR − aa¨pa˙a˙ − a˙apaa˙ − apa˙t − 3a˙pa˙ + apa (34)
−fR
(
− 3R+ 6( a˙
a
)2 + 12
a¨
a
− 3(f − λ+ λφ˙2 − V (φ) − p)
)
− 12 a˙R˙
a
a¨
a
=
1
6
(R− 6( a˙
a
)2) (35)
φ¨+ φ˙(
λ˙
λ
+
3a˙
a
) +
1
2
Vφ
λ
= 0. (36)
The second equation is just the standard definition of Ricci scalar for FLRWmetric.
The third one is reduced to the Klein-Gordon equation in the case of λ ≡ λ(t) =
Constant. The first equation becomes familiar as the equation of motion in f(R)
gravity, if we set p = p(a), λ = 1, φ(t) = t, V (φ) = 0. Clearly this equation posses
de Sitter solution as R = R0, a(t) = a0e
H0t.
Because of the importance of this model, we will study fixed points of the
associated dynamical system, corresponding to this last case , when p = p(a), φ = t.
We applied it before in the context of general relativity [45]. Here we review the
basic concepts of an non-autonomous system.
Consider the following differential equation for an non-autonomous dynamical
state vector ~x:
~˙x = f(t, ~x) (37)
f : [0,∞)×D −→ Rn (38)
D = {~x ∈ Rn |‖ ~x ‖2< 0} (39)
The equilibrium point, or fixed point is located at x = 0 if and only if it solves the
following algebraic equation for an instant of time,namely t:
f(t, 0) = 0, ∀t ≥ 0 (40)
We define the Jacobian matrix ; J ≡ [∂f∂~x ] must be bounded function of t on a
finite domain D and furthermore it satisfies smoothly the Lipschit’z lemma , as the
following:
‖ f(t, ~x)− f(t, ~y) ‖≤ L ‖ ~x− ~y ‖, ‖ ~x ‖p= (
p∑
i
| xi |p)
1
p , 1 ≤ p <∞ (41)
There is an important theorem about the asymptotic stability of the system in the
vicinity of the equilibrium point:
Theorem I : It is possible to linearize the system of equations in the vicinity of the
fixed point in the following form:
~˙δx = A(t) ~δx (42)
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Theorem II: Suppose that x = 0 be the fixed point of the system x˙ = f(t, x) , and
it satisfies the following auxiliary conditions:
f : [0,∞)×D −→ Rn
D = {~x ∈ Rn |‖ ~x ‖2< r},
(43)
It is adequate to define the time dependent function A(t) = ∂f(t,x)∂x |x=0 . We say
that the system has an exponential stable equilibrium point of the linearized
system (42) , then this point is the exponential stable equilibrium point of the
nonlinear system (37)
In this case the system of equations reduces to the following form:
6fRRR¨ = −6R˙2fRRR + apa (44)
−fR
(
− 3R+ 6( a˙
a
)2 + 12
a¨
a
− 3
(
f(R)− λ+ λφ˙2 − V (φ) − p
))
− 12 a˙R˙
a
a¨
a
=
1
6
(R− 6( a˙
a
)2) (45)
λ˙
λ
+
3a˙
a
+
1
2
Vφ
λ
= 0. (46)
The first attempt is done by rewriting the system of equations in terms of a dimen-
sionless ”time” coordinate N = log a and a new set of dimensionless parameters
as xA = {h = HH0 , r = R12H20 , X = r
′, ζ = logλ}. Equations read as the following
non-autonomous system (due to the potential term V (φ) = V (N):
h′ = 2(
r
h
− h) (47)
r′ = X, (48)
X ′ = −2X
h
( r
h
− h+ 6H0frrr
frr
)
(49)
− fr
144H40frr
[
− 6r
h2
+
4
h
(
r
h
− h)− 3
2H20h
2
(f − V (N)− p(N))
]
− X
72H20frr
,
ζ′ = −3− V (N)
2H0
e−ζ
h
. (50)
Stationary (fixed) points are located at :
f(rc) = V (Nc) + p(Nc) = 0, Xc = 0, rc = h
2
c ,
V (Nc)
2H0
e−ζc
hc
= −3. (51)
Because of the critical point is function of N , it’s moving when time is running.
The Jacobian of the linearized system is given by the following:
J =


a1 a2 0 0
0 0 1 0
c1 c2 c3 0
d1 0 0 d4

 (52)
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Where
ai =
∂f1
∂qi
, qi ≡ {h, r}, (53)
ci =
∂f3
∂qi
, qi ≡ {h, r,X}, (54)
di =
∂f4
∂qi
, qi = {h, ζ}. (55)
And:
f1 = 2(
r
h
− h), (56)
f3 = −2X
h
( r
h
− h+ 6H0frrr
frr
)
(57)
− fr
144H40frr
[
− 6r
h2
+
4
h
(
r
h
− h)− 3
2H20h
2
(f − V (N)− p(N))
]
− X
72H20frr
,
f4 = −3− V (N)
2H0
e−ζ
h
. (58)
The characteristic equation is given by:
λ4 + (−d4 − c3 − a1)λ3 + (d4c3 + d4a1 − c2 + c3a1) λ2 (59)
+ (d4c2 − d4c3a1 − c1a2 + c2a1)λ− d4 (−c1a2 + c2a1) = 0.
one eigenvalue is λ1 = d4. Another eigenvalues read as the following:
λ2 =
∆2 + 12 c2 − 4 c3a1 + 4 c32 + 4 a12 + 2 c3∆+ 2 a1∆
6∆
(60)
λ3 = − 1
12
χ− c2
χ
+
1
3
c3a1
χ
− 1
3
c3
2
χ
− 1
3
a1
2
χ
+
1
3
c3 +
1
3
a1 (61)
+
1
12
i
√
3χ− i
√
3c2
χ
+
1
3 i
√
3c3a1
χ
−
1
3 i
√
3c3
2
χ
−
1
3 i
√
3a1
2
χ
λ4 = −λ∗3. (62)
In the above expressions :
∆ ≡ 12E + 8 a1 3 − 12 c3a1 2 +
(−12 c3 2 − 72 c2 ) a1 + 36 c2 c3 + 8 c3 3 + 108 c1a2 , (63)
E2 ≡ 54 c2c3c1a2 − 108 c2a1c1a2 − 18 c32a1c1a2 − 18 c3a12c1a2 − 12 c23 + 81 c12a22 − 3 c22c32 (64)
+24 c2
2a1
2 − 12 c2a14 + 6 c33a13 − 3 c34a12 − 3 c32a14 + 12 c1a2c33 + 12 c1a2a13 − 24 c22c3a1
−6 c2c32a12 − 6 c2c33a1 + 24 c2c3a13
χ3 = 36 c2c3 − 72 c2a1 − 12 c32a1 − 12 c3a12 + 108 c1a2 + 8 c33 + 8 a13 + 12 ρ, (65)
ρ2 = 54 c2c3c1a2 − 108 c2a1c1a2 − 18 c32a1c1a2 − 18 c3a12c1a2 + 81 c12a22 − 3 c22c32 + 24 c22a12 (66)
−12 c2a14 + 6 c33a13 − 3 c34a12 − 3 c32a14 − 12 c23 + 12 c1a2c33 + 12 c1a2a13 − 24 c22c3a1 − 6 c2c32a12
−6 c2c33a1 + 24 c2c3a13.
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To have stable solution we must have d4 = −3+ V (Nc)2H0 e
−ζc
hc
< 0. Another eigenvalues
λi, 2 ≤ i ≤ 4 must satisfy ℜλi < 0. It is remarkable to mention here that the stable
manifold is defineb by the de Sitter space-time. So, the model for time intervals
N > Nc has stable de Sitter solution.
4. Noether symmetry approach to dynamical systems
Symmetry is an important issue to be addressed in any physical theory. The basic
property of a system with a defenite type of symmetry is the existence of an asso-
ciated conserved quantity under this kind of symmetry. Let us consider a typical
dynamical system, is defined by a set of configurations coordinates set qi. Gener-
ally speaking, the dimension of the system is defined as the number of independent
coordinates of the system. We assume that the dynamics of the system are defined
by the point like Lagrangian is given by:L ≡ L(qi, q˙i; t), 1 ≤ i ≤ N . For each
coordinate, it is possible to define a ”unique” first order conjugate momentum:
pi ≡ ∂L
∂q˙i
. (67)
Euler-Lagrange equation of motion is given by the following set of N-ordinary second
order diffrential equations:
p˙i − ∂L
∂qi
= 0, (68)
What we call it as Noether Symmetry Approach[47]-[49] is the existence of a
”unique” vector field ~X on tangent space TQ ≡ {qi, q˙i}): :
~X = ΣNi=1
[
αi(q)
∂
∂qi
+ α˙i(q)
∂
∂q˙i
]
, (69)
If we can find ”generators” coefficients αi(qj), then we can strictly say that our
dynamical system must satisfy the following geometrical constraint (is called as Lie
derivative of the Lagrangian :
LXL = 0 (70)
where explicitly we have:
LXL = ~XL = ΣNi=1
[
αi(q)
∂L
∂qi
+ α˙i(q)
∂L
∂q˙i
]
. (71)
or equivalently we can write it as the following:
ΣNi=1
d
dt
(
αi
∂L
∂q˙i
)
= LXL . (72)
It is an easy task to show that, existence of Noether symmetry implies that the
system has the following conserved (local) quantity:
Σ0 = Σ
N
i=1α
ipi (73)
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The equations are obtained setting to zero the coefficients of the terms q˙i
mq˙nj , 0 ≤
m + n ≤ N in (71). They are several interesting applications of this symmetry
approach in different cosmological models in different models [50]-[60]. In our paper
we’ll apply this approach to f(R, T ) and mimetic f(R) theories of gravity.
5. Noether symmetry in f(R, T ) gravity
The plan in this section is to study the system of Noether equations for Lagrangian
given by (19). If we write down (71) equation for (19) ,
α
∂L
∂a
+ β
∂L
∂R
+ γ
∂L
∂T
+
(
a˙
∂α
∂a
+ R˙
∂α
∂R
+ T˙
∂α
∂T
)∂L
∂a˙
(74)
+
(
a˙
∂β
∂a
+ R˙
∂β
∂R
+ T˙
∂β
∂T
) ∂L
∂R˙
+
(
a˙
∂γ
∂a
+ R˙
∂γ
∂R
+ T˙
∂γ
∂T
)∂L
∂T˙
= 0.
and by putting the coefficients of {a˙2, R˙2, T˙ 2, a˙R˙, a˙T˙ , T˙ R˙} and constant terms,
we obtain the following system of partial differential equations for ~X components
{α, β, γ}:
a˙2 : αfR + βafRR + γafRT + 2aαafR + a
2fRRβa + γaa
2fRT = 0, (75)
fRRαR = 0, fRTαT = 0, αafRR = 0 (76)
a˙R˙ : afRRβ + aγfTTT + afRRαa + aβRfRR (77)
+aγRfRT + 2αRfR + 2 fRRα = 0,
a˙T˙ : afRRRβ + afRRTγ + (2α+ aαa + aβR) fRR + aγRfRT + 2αRfR = 0 (78)
R˙T˙ : αRfRT + αT fRR = 0 (79)(
γR + β (T − 3 p (a) + ρ (a))
)
afRT (80)
+γa
(
T − 3 p (a) + ρ (a)
)
fTT + βaRfRR
+3
(
(T − 3p(a) + ρ(a) + 1
3
aρ′(a)− ap′(a)
)
fT − f + 1
3
ap′(a) + p(a) +RfRα = 0.
It is a hard job to find all possible solutions of this nonlinear system of first order
coupled partial differential equations (PDEs). Inspired directly from the case of
general relativity we’ll limit ourselves to the following simple cases:
• The case of Einstein gravity with matter components f(R, T ) = R+ 2Λ+
g(T ): because any theory of modified gravity must be reduced to Einstein-
Hilbert action at low curvature regime, we are interested to study a solution
of f(R, T ) in which the Einstein-Hilbert term is dominated as the leading
term of theory. If we substitute f(R, T ) = R + 2Λ + g(T ), we obtain the
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following exact solution:
α =
C1√
a
, β = γ = 0 (81)
g(T ) = C2e
−3C1
∫
dT
γ(T ) (82)
p(a) = 2Λ +
C1
a3
. (83)
We mention here that this is an special class of solutions founded before
in literature [61] (for the case of purely f(R, T ) = F (R) see [61]). The
associated Noether charge reads:
− 12C1a˙
√
a = Σ0. (84)
The corresponding scale factor is obtained as follows:
a = (
3A
2
)2/3
[
1− 1
3
H0t
]2/3
, H0 =
3Σ0
8C1
. (85)
This solution can be written in terms of q-exponential family [62] :
a(t) = a0e2/3(H0t), a0 = (
3A
2
)2/3. (86)
The pressure term deserves more investigations. The first term implies on
the existence of the ”background pressure” p0 = 2Λ, which it can be realized
by expectation vacuum energy of some quantum fields. The second term
is a dark matter term, if we identify c1 = ρm0, as the dark matter density
at present era, t = 0, a0 = 1. In the case of perfect fluid with equation of
state w = pρ , we have ρ ∼ a−3(1+w). By a power-law expansion, a(t) ∼ tp,
to be accelerated Universe we must have p > 1, in our case the solution is
not accelerating solution.
• Case with f(R, T ) = h(R) + k(T ): if we would like to pass to modified
gravity, we should try to solve systems of equations by assuming that R→
h(R), and by taking into the account the matter sector k(T ). This simple
assumption gives us the following exact solutions for the model (19) under
Noether symmetry approach:
α = 0, β =
F1(R)
a
, γ =
R
a
∆(T ), (87)
h(R) = C1
∫ R
0
(R− τ)F1(τ)dτ, k(T ) = C1
∫
dT
∆(T )
+ C2. (88)
here {∆(T ), F1(R)} stands for a pair of arbitrary functions. The conserved
Noether charge associated with this model reads as follows:
σ0 = −6C1aa˙F1(R)2. (89)
Due to the leakage of more information of the form of F1(x), we cannot
integrate it. But it is possible to solve it for Starobinsky inflationary model
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F (R) = R+ R
2
6M2 solution as the following:
t+ C2 =
∫ a(t)
0
xdx
R(−x4 − 24j(y)) + 4C1 (90)
here
R(−x4 − 24j(y)) = Root
(
− x4 − 24j(y) = 0|y=x
)
, (91)
and we define
j(y) ≡ 1
27
(
9C1
2y2M2 − C1yσ0
)3/2
σ0M3C1
2 +
1
36
y
√
9C1
2y2M2 − C1yσ0
M3C1
(92)
− 1
648
σ0
√
9C1
2y2M2 − C1yσ0
M5C1
2 −
√
9σ20
11664C21M
6
ln
((− 12C1σ0 + 9y2C21M2)
9C1M
)
+
√
9M−6C−21
√
9C21y
2M2 − C1yσ0) + y
3C1
σ0
.
6. Noether symmetry for mimetic f(R) gravity
In this section we’ll see how Noether symmetry gives us useful information about
mimetic f(R) theory. Especially we would like to search for the possible forms
of potential function V (φ) in this model. Thanks to the normalization condition
∂µφ∂
µφ = 1, the potential is an implicit function of t. So, generally speak in the
dynamical system Lagrangian is time dependent. Let us to start by the same method
as we used in the previous section. We write the following condition of (71) for f(R)
mimetic model:
α
∂L
∂a
+ β
∂L
∂R
+ γ
∂L
∂φ
+
(
a˙
∂α
∂a
+ R˙
∂α
∂R
+ φ˙
∂α
∂T
)∂L
∂a˙
(93)
+
(
a˙
∂β
∂a
+ R˙
∂β
∂R
+ φ˙
∂β
∂φ
)∂L
∂R˙
+
(
a˙
∂γ
∂a
+ R˙
∂γ
∂R
+ φ˙
∂γ
∂φ
)∂L
∂φ˙
= 0.
where for simplicity we assume that λ = λ(t), p = p(a). Using (33), we can write
the following system of differential equations , linear in {α, β, γ}:
−3αRfR − βaRfRR + 3αf − 3αλ− 3αV (φ)− γaVφ − αap′(a)− 3αp = 0(94)
3α+ 2aγφ = 0 (95)
2αaafR + βafRR + a
2βafRR + αfR = 0 (96)
αRfRR = 0 (97)
λa2γa − 6αφfR − 3aβφfRR = 0 (98)
2aαRfR + 2aαfRR + βa
2fRRR + a
2αafRR + a
2βRfRR = 0 (99)
λaγR − 3αφfRR = 0. (100)
which are obtained setting to zero the coefficients of the different terms
{a˙2, R˙2, φ˙2, a˙R˙, a˙φ˙, φ˙R˙}. We can distinguish some possible cases:
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• Case of GR: the possible non trivial solution for f(R) = R + 2Λ read as
the following:
V (φ) = C4 (101)
α (a,R, φ) =
1
3
a1+c1C1
√
c1λ
(
C3 sin
(√
c1λ
2
φ
)
− C2 cos
(√
c1λ
2
φ
))
, (102)
β (a,R, φ) = − (2 c1 + 3)C1 a
c1
√
c1λ
3R
(
C3 sin
(√
c1λ
2
φ
)
− C2 cos
(√
c1λ
2
φ
))
,(103)
γ (a,R, φ) = C1 a
c1
(
C2 sin
(√
c1λ
2
φ
)
+ C3 cos
(√
c1λ
2
φ
))
, (104)
p (a) = 2Λ− λ− C4 + a3C5 . (105)
This solution corresponds to a constant potential form. The Noether con-
served charge reads as the following:
Q = −4a˙ a2+c1C1
√
c1λ
(
C3 sin
(√
c1λ
2
φ
)
− C2 cos
(√
c1λ
2
φ
))
(106)
+2λC1 a
c1+3
(
C2 sin
(√
c1λ
2
φ
)
+ C3 cos
(√
c1λ
2
φ
))
Because φ = t the equation is integrable to give us a(t). For Q = 0, the
exact solution existed for the scale factor:
a(t) = a0 (C3 sin (ωt)− C2 cos (ωt))n , n = 1
c1
, ω =
√
c1λ
2
. (107)
It defines an oscillatory solution with Type IV future singularity [63]. If
C2 = 0, ω → iω, n = 32 , It is identified in the late-time ΛCDM era.
Following [64], we can classify the future singularities as follow:
– TypeI: (”BigRip”): t→ ts,a→∞, ρ→∞ and |p| → ∞.
– TypeII: (”sudden”): t→ ts,a→ as, ρ→ ρs and |p| → ∞.
– Type III : t→ ts,a→ as, ρ→∞ and |p| → ∞
– Type IV : t→ ts,a→ as, ρ→ 0 and |p| → 0 and higher derivatives of
H diverge.
Here ts, as andρs are constants with as 6= 0.
For our scale factor (107) the Hubble parameter and first and second deriva-
tives of H read as the following:
H(t) =
a˙
a
= nω
[C3 + C2 tan(ωt)
C3 tan(ωt)− C2
]
(108)
H˙ = −nω2(C22 + C23 ) sec2(ωt)(C3 tan(ωt)− C2)−2 (109)
H¨ =
2nω3(C2
2 + C3
2)(sin(ω t)C2 + C3 cos(ω t))
C33 sin
3(ωt)− C32 cos3(ωt)− 3C3C2
(
C3 sin(ωt)− C2 cos(ωt)
)(110)
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There is solution(s) for H(ts) =∞ where
tns = nπ ± arctan
[ C2,3
C22 + C
2
3
]
, n ∈ Z. (111)
Where
lim
t→ts
H(n≥2) →∞. (112)
So, our solution represents Type IV future singularities. It is remarkable
that scale factor remains finite at t→ ts. Also, because we must have
lim
t→ts
p (a) = lim
a→as
(
2Λ− λ− C4 + a3C5
)
= 0 (113)
we obtain:
2 Λ− λ− C4 + as3C5 = 0 (114)
the cosmological constant term is ”calibrated” as the following:
Λ =
1
2
(λ+ C4 − as3C5 ). (115)
• Modified gravity : if we put f(R) = R+ 2Λ+ h(R) a very careful analysis
of the system of equations gives us the following solutions:
6.1. Solution with quadratic potential form: Hybrid
inflation model
The system of equtions has the following exact solutions for a set of func-
tions:
V (φ) = C5 + C6
(
φ+
C2
C1
)2
, (116)
α (a, φ) = −2
3
aC1 , (117)
β (a,R, φ) = 2
C1
R
, (118)
γ (a,R, φ) = C1 φ+ C2 , (119)
h (R) = C3 R+ C4 , (120)
p (a) = −C5 + 2Λ + C4 − λ+ a3C7 . (121)
The quadratic potential is for a massive scalar. This type of potential used
as an inflationary model, so called as a Hybrid inflation model. More pre-
cisely, if we set C2 = 0, C5 = V0, C6 =
m2
2 , the potential in this regime is
written as:
V (φ) = V0 +
m2
2
φ2. (122)
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This case is a vacuum energy, drive inflation, and is distinct from the other
classes, like large-field or small-field models [65]. Conserved charge is writ-
ten as the following:
Σ∗ = 8C1C3a
2a˙+ 2λa3(C1t+ C2). (123)
Specially by integrating this equation for Σ∗ = 0 we obtain:
a(t) = a0e
−
λ t(C1t+2C2)
8C1C3 . (124)
This model is described as the bouncing universe [66,67] a(t) ∼ eαt2 . To
show this equivalence, we rewrite it in the following form:
a(t) = a˜0e
−
λC22
8C3C
2
1
t2
, a˜0 ≡ a0e
λC22
C3C
2
1 . (125)
Hubble parameter and deceleration parameter read as the following:
H = − λC
2
2
4C3C21
t, q = −(1 + H˙
H2
) = −(1− 4C3C
2
1
λC22 t
2
). (126)
To have acceleration expansion we should have:
− λC
2
2
4C3C21
(1− λC
2
2 t
2
4C3C21
) > 0. (127)
We obtain the following cases:
– If λC3 > 0 then we have acceleration for time intervals t ∈
(−∞, | 4C3λ |1/2 C1C2 ).
– If λC3 < 0 then we have acceleration for time intervals t ∈
(| 4C3λ |1/2C1C2 ,∞).
In the above discussions, we only consider the case that the universe is
expanding.
6.2. Solution with exponential inflationary models
A possible solution is the following hyperbolic model:
V (φ) = C6 + 2C7 cosh
2(φ+ C2)
C1
(128)
α (a, φ) =
2
3C1
ia1+C4
√
C3 sinh
2(φ+ C2)
C1
, (129)
γ (a,R, φ) = − iaC4
√
C3 cosh
2(φ+ C2)
C1
, (130)
β (a,R, φ) = −2i
√
C3 (2C4 + 3) a
C4
3C1R
sinh
2(φ+ C2)
C1
, (131)
h (R) = −(1
4
λC4 C1
2 + 1)R+ C5 , (132)
p (a) = −(λ+ C6 + 6Λ + 6C7 + 3C5 ) + C8a3 (133)
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Because all functions must be real valued, so it is adequate to write C3 =
−M2, whereM is a free parameter. The associated conserved charge reads:
Q0 = a
2+C4
[
a˙
2(4− C4C21 )M
C1
sinh
2(t+ C2)
C1
+ 2Mλa cosh
2(t+ C2)
C1
]
(134)
It is completely integrable,specially when Q0 = 0, we obtain:
a(t) = C1
(
sinh
(
2
t+ C2
C1
))n
, n =
λC1
2
2(−4 + C4C12)
. (135)
In case of n = 32 it coincides with the late-time ΛCDM era.
7. Conclusions
Motivated by recent observational data, indicates that we live in an accelerating
universe, several forms of modified gravities have been proposed to resolve and ex-
plain this physical phenomena. One of the most popular and physically acceptable
candidates is f(R) gravity and its extensions. In our work we established Noether
symmetry issue for two types of f(R) theories: a type of non-minimally coupled
model is called as f(R, T ) and mimetic f(R). We started by reviewing the ba-
sic physical foundations of these theories. In f(R, T ) model we have been written
point-like Lagrangian for flat FLRW metric. We studied equations of motion and
Noether symmetry form for it. Two important classes of solution for f(R, T ) were
found. In the first class, we show that the generalized q-exponential scale factor is
an exact solution which it mimics the background with the background pressure.
Other solutions were found as general family of additive models, with an exact so-
lution for scale factor in terms of elementary functions. This cosmological solution
was obtained by considering the Starobinsky model f(R) = R + αR2. In mimetic
f(R) theory, we have been considered Noether symmetries. We observed that there
are two classes of solutions: the first is equivalent to the GR with dark matter
and the calibrated cosmological constant. This case mimics a type of cosmological
solutions with type IV future singularities, where higher derivatives of H diverge.
Another case is modified gravity with two specified forms of potential functions:
hybrid inflationary model,in which the scale factor evolves in the bouncing scenario.
The second family is exponential form, in this case scale factor mimics the form
of ΛCDM model perfectly. So, all cosmological models including ΛCDM ,bouncing
and oscillatory solutions with future singularities are described perfectly by Noether
symmetrized f(R, T ) and mimetic f(R) theories. We conclude that Noether sym-
metry is able to provide a very excellent way to study cosmological implications of
extended f(R) theories.
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